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THEORETICAL PART

LECTURE 1

Get started . Historical generation of concepts representing Earth’s crust and mantle as
visco-€elasto-plastic media that can be studied with the use of partial differential equations of
continuum mechanics. Fluid-like behavior of crustal and mantle rocks on geological time scale.
Few words about geomodeling and geovisualisation.

Get started

In recent decades numerical modeling has become an essential approach in geosciencesin
general and in geodynamicsin particular. Thisis very natural process since human direct observation
scaleis strongly limited in both time and space (depth) and rapid progressin computer technologies
offer exceptional possibilities to explore sophisticated mathematical models of geological processes.
Presently numerical modeling is inherent part of geosciences, iswidely used for both testing and
generating hypotheses and strongly pushing geology from observational to predictive natural science.
Geomodeling and geovisualization aso play strong integrating role relating different branches of
geosciences. Therefore, it isamost unavoidable to have some knowledge about numerical techniques
for planning and conducting state-of-the-art interdisciplinary geological research. In this respect
geodynamicsistraditionally strongly "infected” by numerical modeling and pushing progress of
numerical methods in geosciences.

Before starting with numerical modeling we better to get read of one "myth” which is very popular
among geol ogists often saying (or thinking) something like

" Numerical modeling is very complicated, is not affordable for personswith traditional geological
background and should be done by geophysicists.”

Thisis completely wrong but | was thinking exactly like that before | got started. | aways remember
my feeling when first timein my life | heard words " Navier-Stokes equation” from one of my
colleagues. " Ok, forget it! Thisishopeless.” - thought | that time and it was wrong. Therefore, let me
formulate few useful rules coming from learning experience.

Rule 1. Numerical modeling is simple and is based on simple mathematics.
All you need to know is:
- linear algebra,
- derivatives.

Most of these ”complicated” mathematical knowledge we get in the school before we
even start to study! | often say to my studentsthat all is needed is non-zero MMEE index:

M: strong MOTIVATION
M: ordinary MATH
E: proper EXPLANATIONS



E: regular EXERCISES

MMEE=M*M*E*E and, therefore, al four components should be non-zero. Mativation
is most important, indeed...

Rule 2. When numerical modeing looks complicated see Rule 1.
Rule 3. Numerical modeling consist of solving partial differential equations (PDE).

Thereareonly few equation to learn. They are generally not complicated but it is essential
to learn and understand them gradually and properly. For example, for modeling of broad
spectrum of geodynamic processes discussed in this book it is necessary to learn three
principa conservation PDE:

- eguation of continuity (conservation of mass),

- eguation of motion (conservation of momentum - Navier-Sokes equation!)

- temperature equation (conservation of heat).

So, only three eguations has to be understood and not tens or hundreds of them!
Rule 4. Read books on numerical methods several times.

There are many very good books on numerical methods. Most of these books are,
however, written for physicists and engineers and need effortsto be ” digested” by persons
with traditiona geological background (as for example that of myself).

Rule 5. Repeat transformations of equations involved into numerical modeling.

These transformations are generally standard and trivial but repeating them alows to
understand structures of different PDE.

Visualization is impor

Sibvlla von Cleve als Braut, Moble dame, 1959
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Fig. 1.1 Visuaization isimportant!

Rule 6. Visualization isimportant!



Without proper visualization of results almost nothing can be done with numerical
modeling (Fig. 1). Mode ers often spend much more time on visualization then on
computing and programming.

Rule7. Ask!

Thisisthe most efficient way of learning. Also, in geomodeling many small numerical
know-how and "tricks” are used which are extremely important but rarely discussed in
publications.

Geodynamics

Numerical modeling approaches discussed in this book are adopted for solving
thermomechanical geodynamic problems. Geodynamics = Dynamics of the Earth is one of the core
geol ogical subjectswhich was very actively progressing in the last century especially since establishing
of Plate Tectonicsin 60". Broad introducing of thermodynamics to mineralogy and petrology was
about that time aswell . Thiswasreally great time for geology which " drifted” strongly from
descriptive qualitative to predictive quantitative physical science. The overall history of development
of Geodynamics was not, indeed, very "dynamic” but rather low and complicated. Excellent
introduction to thisfield by Donald L. Turcotte and Gerald Schubert (1982, 2002) discuss the
following important historical steps of understanding of the Earth as dynamic system

1620: Francis Bacon, Pointing out of similarity in shape between the west coast of Africa and the
east coast of South America.

This was about 400 (!) years ago and severa centuries needed to start interpreting this
Similarity.

Later part of 19th century: establishing of fluid like behavior of the Earths' mantle based on
gravity studies. mounting ranges have low-density roots.

Thiscrucia finding wasonly ”coupled ” to Earth dynamics one hundred year later and was
not explored in the continental drift hypothesis.

1910: Frank B. Taylor, Continental Drift hypothesis.
Real beginning of "drifting” toward plate tectonics, still long way to go.

1912-1946: Alfred Wegener, further developed Continental Drift hypothesis, showed
correspondence of geological provinces, relict mountain ranges and fossil types. Driving
forces - tidal / rotation of the Earth. Sngle protocontinent - Pangea.

The principal question is considered to be ”Why the continents move? What are driving
forces” and not yet "How the continents move? What is movement mechanism ?”’

1924: Harold Jeffreys, showed insufficiency of Wegener’ s forces to move continents.

Computing forces for testing geodynamic hypothesis. Thisis one of the core principles of
modern geodynamics as well! Another point to learn — opposing of continental drift
hypothesis using physical arguments was always strong and probably strongly delayed
creating of plate tectonics.

1931: Arthur Holmes, suggested that thermal convection in the Earth’s mantle can drive
continental drift.

Thiscrucial ideaanswered question about driving forces but not about movement
mechanisms. It was known after seismic studies that Earth’s mantleisin solid state and
been deformed elastically must not alow thousand kilometers "travelling” of the
continents.

1935: N.A.Haskell, establishing of fluid-like behavior of mantle (viscosity 10% Pa s) based on the
analyses of beach terraces in Scandinavia. Post-glaciation rebound.
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Actually thiswas al so established much early from observing of crustal routs. The question
about physical mechanisms of solid-state mantle deformations remains open.

1937: Alexander du Toit, suggested existence of two protocontinents - Laurasia and
Gondwanaland - separated by Tethys ocean.

Thisisreally dramatic story: geologists were continuously developing continental drift
hypothesis but general idea of large lateral displacements of the continents was
continuously rejected by geophysicists.

1950s: finding of mid-ocean ridges
Evidence are critically growing...

1950s: findings of mechanisms of solid state creep of crystalline materials, applicable for example
for the flow of icein glaciers.

The answer to the second crucial question was finally found in material science!
Great 60" have started!
1960s. Paleomagnetic studies, finding of regular patterns of magnetic anomalies on the sea floor.
1962: Harry Hess, Seafloor Spreading hypothesis.
1965: B.Gordon, quantitative link between solid state creep and mantle viscosity.

1968: Jason Morgan, Basic hypothesis of Plate Tectonic (mosaic of rigid platesin relative motion
with respect to one another as a natural consequence of mantle convection).

1968: Isacks et al., attributing of earthquakes, vol canoes, and mountain building to plate
boundaries.

1967-1970: Development and broad accepting of Plate Tectonics.

Before thistime continental drift was strongly opposed by geophysicists based on rigidity of
solid mantle and ” absence” of mechanism providing horizontal displacements of thousands
of kilometers for continents.

Crucial point that wasfinally understood by geological community isthat both viscous(i.e., fluid-like)
and elastic (i.e., solid-like) behavior is characteristic for the Earth depending on the time scale: Earth’s
mantle which is elastic on human time scale is indeed viscous on geological time scale (>10,000 years)
and can be strongly internally deformed due to the solid state creep. There is an amazing substance
demonstrating similar ”dual” viscous-elastic behavior. Thisis silicon putty or ”silly putty” used as
anal og of rocksin experimental tectonics. It deformslike aclay in hands but been dropped on the floor
jumps up like arubber ball.

Plate tectonics has largely established both conceptua and physical basis of Geodynamics. Further
rapid spreading of numerical methods of mechanics of continuuminthisfieldisalogical consequence
of both theoretical and technological progress. Numerical modeling is an inherent tool for
geodynamics since tectonic processes are often to slow to observe them directly.

Few words about geomodeling and geovisualisation

At present geomodeling and geovisualization are extremely actively developing fields. In the field of
geodynamics many modeling and visualization challenges till exist for example

geodynamic modeling challenges
a) Redlistic physical properties of rocks
b) Phase transformations, melting
¢) Fluid and melt transport in deforming systems
4



d) Geochemical processes
€) Ultrahigh resolution (multiple-scales grids, adaptive grids)
f) 3D
geodynamic visualization challenges
a) Geology-friendliness
b) Ultrahigh resolution
¢) Multiple-scales
d) Multiple-aspects
e) 3D

In frame of this guide MatLab is used for exercisesin numerical modeling and visuaization. Thisis
good language of choice for the beginners which allows both easy computing and visuaization. C and
FORTRAN are often used for advanced numerical studiesinvolving the use of supercomputers. In this
studies visualization is mostly done as post-processing of computed data which allows to use
speciaized 2D and 3D visualization packages. In our short course we are more interested to see results
instantaneously during computing. In addition MatLab greatly simplify solving of system of linear
equations which is the core of numerica modeling.

Basic books:

l. Donald L. Turcotte and Gerald Schubert, Geodynamics. Second edition. Cambridge
University Press, 2002

Il. Giorgio Ranalli Rheology of the Earth. Kluwer Academic Publishers, 1995

1. Leon Lapidus, George F. Pinder, Numerical Solution of Partial Differential Equations
in Science and Engineering. John Wiley & Sons, 1999.



LECTURE 3

Definition of geological media as a continuum. Vector and scalar field variables used for
representation of continuum. Methods of continuous and discrete definition of field variables.
Continuity equation. Continuity equation for incompressible fluid and its application for
geodynamic problems.

An important understanding that we need before starting with differential equationsisthat in
geodynamics we are dealing with continuous geol ogical medium (Earth’s crust and mantle). Continuity
of this medium implies that on a macroscopic scale it does not contain voids and gaps and consists of
intercalating different rocks and, some times, melts. Various physical properties of continuum may be
different in every geometrical point and, thus, need continuous description. In the mechanics of
continuum physical (field) properties of a continuum are described by field variables (P, T, density,
velocity etc.). There are three magjor types of field variables:

scalars (e.g., P, T, density),
vectors (e.g., velocity, heat flux) and
tensors (e.g. stress, strain rate).

Field variables can be represented by fully continuous way (analytical expressions) and by
discrete-continuous way (by arrays of vaues characterizing selected nodal geometrical points). In the
later case variouslinear and non-linear interpolation rules are used to cal cul ate values of field variables
between the nodal points.

Continuity also impliesthat displacements of different portions of the medium are not fully
independent. These displacement must proceed in such away that will not create macroscopic voids
and gaps: if some rocks are displaced from certain area (for example due to tectonic extrusion), other
rocks must come into this area and substitute displaced fragment. In away this type of continuous
behavior is very similar to the behavior of water or, generally, any fluid. Therefore geodynamics
processesin the Earth’ s mantle, as for example mantle convection, are often referred to as processes of
geophysical fluid dynamics. Our intuitive qualitative understanding of continuity can, indeed, be
transformed to the nice quantitative mathematical formalisms. Thisformalism iswidely used in
numerical geodynamic modeling in form of continuity equation describing conservation of mass
during displacement of continuous medium

Eulerian continuity equation (i.e., written for immobile Eulerian observation point) has aform

dplat + div(pv) =0, (3.1
Lagrangian continuity equation (i.e., written for moving Lagrangian material point) has aform
Dp/Dt + pdiv(v) =0, (3.2

where p isdensity (scalar) characterizing amount of mass per unit volume in either Eulerian or
Lagrangian point, v - velocity (vector) in this point.

Understanding differences between Eulerian (observation) and Lagrangian (material) geometrical
pointsis fundamental for mechanics of continuum. Lagrangian point is strictly connected to the
material point and is moving with this point. Therefore, the same material point isawaysfoundin a
given Lagrangian point independent of the moment of time. For this reason Lagrangian time derivative
of density Dp/Dt (i.e., changes of density with timein the Lagrangian point) is also called substantive
or objective time derivative. On the other hand, Eulerian point is an immobile observation point which
is not related to specific materia point. Therefore, in different moments of time different material
points can be found in given Eulerian point. Another word, different material points are passing
through the Eulerian observation point with time. Many equations of mechanics of continuum



containing time derivatives can be written in both Eulerian and Lagrangian form that differ from each
other, for example Egs. (3.1) and (3.2).

Let’s now analyze the continuity equation which contains both vector (velocity) and scalar
(density) variables. In every geometrical point velocity vector can be defined by its three components v
= (v, Vy, Vz), corresponding to three principal axisx, y and z

Continuity equation looks pretty short and simple but, asit is often happen with PDE, both the
simplicity and the shortness are apparent. Continuity equation establish balance of massin an
elementary volume. It implies, in particular, that if massisleaving (fluxing out of) the volume (i.e.,
div(pv)>0), local density (i.e., the amount of massper unit volume) decreaseswith time (i.e., dp/dt<0).

The following derivations " decipher” contents of continuity equation
pv isthe vector of mass flux through a geometrical point pv = (pvy, pVy, pVz)

div(pv) isadivergence of mass fluxes characterizing overall balance of incoming and outgoing fluxes
in the geometrical point. It is convenient to decompose div(pv) according to the standard
differentiation rules

div(py) = pdiv(v) + vgrad(p) (3.3)
where div(v) is divergence of velocity vector v. Divergence of avector isascalar
div(v) = dvx/ox + dvyldy + dv,/0z (3.4)
and therefore
pdiv(V) = pavy/ox + pavy/dy + pov oz (3.5)
On the other hand, grad(p) is gradient of density p. Gradient of scalar is a vector
grad(p) = (dp/dx, dplay, dpldz) (3.6)
and therefore
vgrad(p) = vxdp/ox + vydp/dy + v,0p [0z (3.7)

vgrad(p) isadvective transport term that reflect changes of density in the immobile (Eulerian) point
due to the movement of inhomogeneous medium with existing density gradients relatively to this point.
In case when density in all moving material points remains constant Eulerian continuity equation
reduces to the advective transport equation

dp/ot + vgrad(p) =0 (3.9
or
op/ot = - v,dp/oX - vydplay - V,0p [0z (3.10)

Minusin the right part of equation (3.10) reflects obvious relation between density gradient and
direction of motion: if medium ismoving in the direction of increasing density (i.e. vxdp/dx >0in 1-D
case) then density in theimmobile observation point decreases with time (i.e., dp/dt<0). We will come
back again to advective transport equation in the Lecture 10.

On the other hand substantive changes of density (Dp/Dt) in the moving Lagrangian point does
not depend on density gradients and Lagrangian continuity equation (3.2) does not contain advective
terms.

For geologica medium incompressibility condition (p=const, Dp/Dt =0 or dp/at + vgrad(p)=0)
is often valid so that one can write incompressi ble continuity equation in the incompressible form
which isthe same for both Eulerian and Lagrangian points

div(v) =0 (3.11)
Solve the following example:



In some region of the Earth’s mantle velocity field is given by equation

vy = 101% + x10™2 + y10™2 + 2103

vy= 10" - x10™" + 2y10™ + 3210

vy= 10" - x10" - y102 - 22107

density field is given by

p = 3300 + 0.001x - 0.002y + 0.001z

Please calculate: p, div(v), dp/dt and Dp/Dt for the point with coordinates x=1000, y=1000, z=1000,

Application for geodynamic problems - corner flow at subduction zones - continuity driven
circulation in subduction channels.



LECTURE 4.

Deformation and stresses. Definition of stress and strain-rate tensors. Deviatoric stresses. Mean
stress as a dynamic (non-lithostatic) pressure. Orientation of stress axes. Transformations of
tensors. Tensor invariants.

Tensors are field variables which characterize internal state of continuum and are, perhaps,
most difficult for intuitive understanding. Indeed, at least two of them we have to use in the following
and these are stress and strain rate tensors.

Stresses are forces per unit areathat are transmitted through a material by interatomic force
field. Normal stressesare transmitted perpendicular to asurface. Shear stresses are transmitted parallel
to asurface. In three dimensions we have 9 components of stress denoted as c;j, wherei and j are
coordinates (x, y, zor 1, 2, 3 as often used in the mechanics of continuum) so that

three normal stresses:
Oxx, Oyy, Ozz
six shear stresses corresponding to the condition of force balance cj;=c;;:
Oxy=Cyxs Oxz=Oz, Oy7=Ogz,

Firstindex (i) denote the axeswhich is perpendicul ar to the considered surface and the second index (j)
denote the axes parallel to the force component.

2-15 Stress components on the faces of a small rectangular parallelepiped.
(Turcotte & Schubert, 2002)

025

xx

Here and further we will take normal extensional stresses as positive and compressional as
negative. Thisis most common convention (but not the only convention) for mechanics of continuum.
Similarly to components of vectors stress components change with changing coordinate system.

In continuum mechanics pressure is defined as mean normal stress
P =-(0ox *+ Oy + 6)/3 (4.2
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Minusin theright part of Eq. (4.1) reflect another convention according to which pressure is positive
under compression. Pressure is stress invariant and, thus, does not change with changing the
coordinate system. In case of hydrostatic stress state all shear stresses are zero and al normal stresses
are equal to each other

Oxy=Oyx=0xz=02=0y;=02~=0
Oxx = Oyy = Oz =-P

In geosciences pressure is often considered as corresponding to these hydrostatic (lithostatic)
conditions and is computed as a function of depth and vertical density profile

Prock = gzpi X . (4.2)
i=1

This simplification does not hold when deformations of geological media occur and real dynamic
pressure may notably deviate from the lithostatic value given by Eq. (4.2).

It is convenient to define deviatoric stresses (ojj’), which are deviations of stresses from
hydrostatic stress state

Gij’:Gij-l- P5ij, (4-3)

where Jj; isthe Kronecker deltac ;=1 when i=j and ;=0 wheni=, i and j are coordinates (X, y, z).
Kronecker deltais quite peculiar abbreviation commonly used in the mechanics of continuum. It only
takes values of either 1 or 0 and isin fact analogous to the logical operator ”if” used in many
programming languages. Any equation with J;; represent group of equations. For example Eq. (4.2) in
3-D represent the following equations

normal deviatoric stresses
Ox = Ot P
Oy =0y +P
Oz =0z +P
shear stresses which are all deviatoric
Oxy =Oyx =Oxy=Oyx,
Oxz =0z =Oxz=Ox,
Oy, =0z =Oy;=Oy.
It worth mentioning that the sum of normal deviatoric stressesis zero by definition (Eqg. 4.1)
Oxx TOyy +02 =0
since
Oxx + Oy + 6z = -3P
Second invariant of deviatoric stress tensor can be calculated as follows
(on)’= V2(oif')? (4.4)

Index ij in equation (4.4) denote summation! Thisis another abbreviation that is commonly used in
continuum mechanics and which makes equations shorter (but, indeed, not easier to understand for
beginners). Complete ”deciphered”’ form of Eqg. (4.4) looks much longer

(o) I)2: 1/2[ (0w )2+(ny’ )2+(Gzz’ )2+(ny’ )2+(ny, )2+(ze’ )2+(sz’ )2+(Gyz, )2+(Gzy’ )2] ) (4.5)
or, using condition of force balance cij=c;
(o1)*= 12[(0x )*HOy ) +(0 )]+ 0 02" (4.6)
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Second stress invariant o, does not depend on the coordinate system and characterizes quantitative
degree of deviation of the system from the hydrostatic (lithostatic) state.

Another very important tensor which we will usein the following is strain rate &; _that
characterizesrate of internal deformation of continuum. Infact, ¢, istimederivative of strain tensor

that characterizes internal deformation itself. Strain is dimensionless and is computed as the ratio of
absolute value of deformation to the length of deforming body. By analogy with stress one can

discriminate normal and shear components of strain corresponding to axial and shear deformation,
respectively.

Indeed in numerical geodynamic modeling it is often convenient to use strain rates characterizing
dynamics of changesin theinternal deformation rather then strain characterizing absolute value of this
deformation. Components of strain rate tensor are defined via spatial gradients of velocity as follows

. 1oy, v
8”- == —+—
2 9 adi

wherei and j are coordinates (X, y, z) so that

normal strain rate components
_ 1(% . 81) _

S el —_ ——
“ 20 ox  ox oX
o2loy oay ) oy

1 ( ov, oV, j ov,
gz = —| —= + — | =—f
2\ 0z o0z 0z

shear strain rate components

< I —l %4_%
Yo 2l gy ox

. 1(8vX avzj
x —ex=4 - t==

M-
Il

2\ 0z ox
< & = l a& + %
e ¥ 200z oy

Symmetric form of strain rate tensor subtract rotational component of velocity field which does not
contribute to the deformation: it is easy to check that rotation of rigid body in 2-D has gradientsin

oV,
velocity field but does not produce any internal deformation, i.e. &; = %(aa—\;' + %J =0

Second invariant of strain rate tensor is calculated as follows

g% = %éijz (by analogy of o> formula given above)

By analogy to stress tensor strain rate can also be subdivided to isotropic and deviatoric
components. Deviatoric strane rates (¢; ') are formulated as follows
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€1k

Wl

& = éii_dj
€y = £ tE, TE, =div(V)
Accordingly £, '+¢,'"+¢,'=0

Reading: Turcotte & Schubert, 2002, p. 80-87, Ranalli, 1995, Chapters 2.6-2.8.
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LECTURES.

Viscosity and Newtonian law of viscous friction. Navie-Stokes equation of motion for viscous fluid.
Stokes equation of slow laminar flow for highly viscousincompressible fluid and its application for
geodynamics.

Aswediscussed in our first lecture on geological time scal e rocks often behave as highly viscous
fluid. For this reason viscous rheological relationship between stress and strain rate known as
Newtonian law of viscousfriction is broadly used in geodynamic modeling. Newtonian law of viscous

friction relate shear stress 1 (Pa) with shear strain rate ? (Us)
X

T=n il (5.1
oX
wheren (Pas) isthe viscosity which characterizes degree of resistance of material to shear deformation.
Generaly viscosity isdifferent for different materials and may also depend on pressure (P),
temperature (T), strain rate and some other parameters. Typically viscosity of rocksis greater then 10
Pas: viscosity of asthenospheric upper mantle, for example, is on the order of 10 Pas. We will
discuss thisissue in more details in the next lecture.

In case of 3-D deformation of afluid the law of viscous friction isformulated via components of
deviatoric stress (ojj") and strain rate (¢&; ') tensors as follows
Gij' =2n&; "+ OiMbéy = 2n(&; - Y30in &) + SiMbuik €y

wherewherei andj are coordinates (x, y, z); 1 and nwuk are shear and bulk viscosity, respectively; dj; is
the Kronecker delta: 0;;=1 wheni=j and §;;=0 when i#; ex is the sum of normal components of strain
rate tensor reflecting inelastic volume changes (i.e., due to phase transformations):

€ = EqtEy e, =diV(V)

In the absence of mineralogical phase transformations rocks are characterized by insignificant density
variations. Therefore incompressible fluid approximation (p=const, Dp/Dt =0, see Lecture 3) is often
vaid. Inthiscasediv(v) =0, £, =0, & '= ¢; and the law of viscousfriction is simplified as follows

Gij’ = 21’] éij .

Deformation of viscousfluid isawaysresult of internal and external forces acting on thisfluid.
In order to relate forces and deformation an equation of force balance should be used. Thisis so called
Navie-Stokes equation of motion which describe conservation of momentum for viscous fluid in the
gravity field

do; ' oP Dv.
_IJ e .= — 5.2
5 o P9 =P, (5.2)
wherei and j are coordinates (x, y, z); g; isi-th component of gravity vector G ; % is substantive

time derivative of i —th component of velocity vector (i.e., acceleration). By analogy to other
substantive time derivatives

Dv.  ov
— ' =—1 4+ vgrad(v.
ot -t TV ()

for example
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Dv, ov, v, v, ov,
=—X+v, —2+V, +Vv, —=
Dt ot ox Yoy 0z
In case of 3-D deformation Navie-Stokes equation of motion correspondsin fact to the system of three
different equations

1 a v 1
x-Navie-Stokes equation 0 + 2% +aaXZ —a—P+ng:p bv,
oX oy 0z  OX Dt
do,' do,' OoP Dv

Jo,,’
-Navie-Stokes equation —2+ —>* + —* —— —p_ Y
Y = oy ox 0z oy POy =P Dt

1 1 a '
z-Navie-Stokes equation 99, + 99 + 2% —a—P+pgZ =p bv,
0z oX dy 0z Dt

In case of highly viscous flowsinertial forces (p %) are negligible by comparison to viscous

resistance and gravity forces and deformation of fluid can be accurately described by the Sokes
equation of slow flow

i %4 pg =0, (53)

1 a ' 1
x-Stokes equation 90 + 9% +ao‘XZ —a—P+ng:
oX oy 0z  ox

do,' do,' do,'
y-Stokes equation Ow 2% 99 oP

Y —— +pg, =0
oy oX 0z oy P9,
1 1 a v
z-Stokes equation 90, +80'ZX + 2% —a—P+ng=0
0z oX dy 0z

Even more simplifications can be done for the homogeneous incompressible fluid with very high
constant viscosity. In this case the Stokes equation is simplified to
oV, oP
In case of 3D deformation we as usually have three equations

[azv 0%V, azvxj oP

<+ -—+p9,=0 or 77Avx=a—P—,ogX

x> oy’ i 07" | ox ox
o’v, 9%, d%, | oP oP
Sy —J+—|-—+pg,=0 or pAvV, =—-
77[ x> oy’ o7 J oy Py =Yy oy P9y
o, + o, + o, _8_P+ =0 or nAv _9P_
x> oy* 07 ) oz P8 Ve =5 TP
N N
where A:87+8_y2+? is Laplace operator.
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2
aaj\zl aa—fwgi =0) Stokes equation can be written in

When pressure gradient is constant (77

form of Poisson equation
Av, = const (5.5)

where
const = l(a—l.:—,ogi j
n\ oi
In 3-D thisis (as usually) the system of three equations which are always good to write explicitly

x-Poisson equation Av, = const, where const = 1(aa—l_a—pgij
n\ d

y-Poisson eguation Av, = const, where const = l(aa—E—Pgij
n\ di

z-Poisson equation Av, = const, where const = 1(aa—l_a—pgij
n\ d

Dispute the simplicity Poisson equation is valid for several important geodynamic problems,
for example for the uniaxial (e.g. purely vertical) flow of afluid in achannel (e.g. magmaflow in the
magmatic channel, rock flow in the subduction channel etc.)

v

Figure. 5.1. Planar flow of viscous fluid in the channel.

In case of planar channel v,=0, »=0, % =0, aavz =0 and the system of three Poisson equations
y
reducesto
o0°v, 1(0dP
2= —— 5.6
™ 77(82 pgzj (5.6)
which can be solved analytically by two-fold integration as
1 (0P 2
V,(X)=—| —— X“+Cx+C
z( ) 277 ( az pgzj 1 2
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where C; and C, are integration constants which can be defined from the boundary conditions
Vy(X) =vowhenx=0
and
Vz(X) = va when x = L (L isthe channel width)

then Co=vypand C, = VleVzo —zi(aa—P—pgzj L.
n\ 0z

Analytical exerciseswith the Puasson equation are, indeed, very useful as analytical solutions are often
used for benchmarking (i.e., testing accuracy) numerical solutions.

Exercise. Please calculate vertical velocity of magmaflow (V) in the middle of the planar
channel of width L = 100 m, if viscosity of magmaisn=10" Pas and its density is p=2800 kg/m3.

Pressure gradient along the channel is E)a_P =-25000 Pa/m. Acceleration of gravity is g, = -10 m/s’ (i.e.
z

gravity acceleration is directed downward). Velocity on the channel boundariesis zero. Please derive
the solution for the case when right boundary is moving upward with velocity v,1=10"° m/s

Reading: Turcotte & Schubert, 2002, p. 226-237, Ranalli (1995), chapters 4.1-4.3.
Turcotte & Schubert, 2002, p. 80-87, Ranalli, 1995, Chapters 2.6-2.8.
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LECTURE 6.

Rheological equations. Effective viscosity and its dependence on tempreature, pressure, and
deformation rate.

Now let’s discuss in more details viscosity and, generally, rheology of rocks reflecting peculiarities
of solid-state creep, which is the major mechanism of rock deformation. Solid-state creep is an ability
of crystalline substances to deform irreversibly under applied stresses. Solid-state creep isthe major
deformation mechanism of the Earth’s crust and mantle. Two major type of the creep are known:
diffusion creep and dislocation creep.

Diffusion creep istypically observed at relatively low stresses and results from the diffusion of
atoms through the interior (Herring-Nabarro creep) and aong the boundaries (Coble creep) of
crystaline grains subjected to stresses. Asthe result of this diffusion, the grains deform which also lead
to the bulk rock deformation.

Diffusion creep is characterized by linear relationship between strain rate and stress (i.e., Newtonian
law 7=7 ?) with viscosity (1) independent of strain rate and dependent on pressure (P), temperature
X

(T) and grain size (h)

RTh? (Ea +V,P

= for Herring-Nabarro cr 6.1
n 24V, D, RT j g P 6.1)

RTh? ( E,+V,P
ex

= for Coblecr
g 24V bD,, RT j P

where R isthe gas constant, Dy and Dy are, respectively, intergranular and boundary diffusion
constants; b isthewidth of grain boundary; E, and V, are, respectively, activation energy and activation
volume. Typical values of activation energy vary from 100 to 600 kJ/'mol depending on rock/mineral
composition, presence of fluid, oxygen fugacity etc.

Didocation creep is observed at higher stresses and results from migration of disocations
(imperfectionsin the crystallinelattice structure). Dislocation density strongly depends on stresses, and
therefore didocation creep results in non-linear (non-Newtonian) relationship between strain rate and
stress

&= A" (6.2)

where A ismaterial constant and n>1 (typically n=3). In case of dislocation creep an effective viscosity
dependent on stress can be used to characterize non-Newtonian rheology

4

o
=—_ 6.3
Mest oF (6.3)
When n=3 effective viscosity for disocation creep can be calculated as follows
RT(BG)" 1 E, +V,P
SPLLL WU 69
24V.D, (o) RT

where B is magnitude of the Burgers vector for the dislocation and G is shear modulus.

Both dislocation and diffusion creep can occur simultaneously leading to the following relation
for the effective viscosity

IMert = UMaisi+LMaits (6.5)
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Thisrelation follows from the assumption that under condition of constant applied deviatoric stress ¢’
strain rate €; can be decomposed to the contribution of dislocation (&; dis) and diffusion (&; qifr) creep,

each of these contributions correspond to relation (6.3)
€= & ds + & dff (6.6)
where
&;= O /(2Mei), &;jdis = O /(2Ndig), &; dift = 0" /(2Naitr) (6.7)
Please, substitute relations (6.7) to equation (6.6) and get formula (6.5).
Both diffusion and dislocation creep rheology are often calibrated from experimental data using
simple parameterized relationship between applied differential stress o, = 2(a,2) (i.e. difference

between maximal and minimal applied stress) and resulted ordinary strain rate 7, = ? (not a
|

component of the strain rate tensor ¢;)

Ea+vapj 69

y= Ab(ad)”exp[— -

where Ap, n, E; and V, are experimentally determined rheological parameters. In order to use such
experimentally parameterized relation in numerical modeling one need to reformulate it in term of
stress and strain rate invariants corresponding to therelation (6.3), i.e.

Nett = O /(285 1)
For this purposeit is often convenient to express effective viscosity as a function of second strain rate
. . .2 _ 1 .2
invariant €,° ==¢,“ inform
2 ]

1 E, +V,P
ﬂeff = ADl (8 2)(n71)/2n exp( nRT j (69)
1l

where Ap; can be cal cul ated on the basi s of experimentally determined rheological parameters Ap and n,
taking into account type of experiments on which these parameters are based.

For example, in case of axial compression in y direction experiments

U
SXX—SZZ——ES
1 3
2 _ 4. 2 .2 . 2_9. 2
o —ESXX +Egyy +ESZZ —ZSW
Yy ="y
. 1
o, =0, ——EO'W
04=0,-0,'=——0,
0,=0,-0,'=——-0,
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: 3 ) E,+V,P
a5

and thus using
4 1/2
24, =0, " ad —éwz(gé,f}
we obtain
4 ,\" 3. (4,12 E, +V,P
(gguzj =A (E s (55“2) eXp(_ RT ]
1/n
. = 1 1 o E,+V,P
eff 2(n—1)3(n+1)/2'ob (éllz)(n—l)IZn nRT
and therefore
1/n
1
Aoy = ( 20032 p j (6.10)
In case of simple xy shear experiments
€ =Ey=8,=£,=£,=0
€,y >0
8“2 = sxyz
o4 =20,
Vg = 285
n E, +V,P
2¢,= A, (20,) exp(— = j
and thus using
R . 1/2
24ty =0, and £,=(&,°)
we obtain
L o\U2 Loz 2\0 Ea +VaP
2(8||2) = AD(477eff (8||2) ) exp(— J
RT
1/n
B 1 1 exp E +V,P
N 2(2n_1)AD (éllz)(n—l)IZn nRT
and therefore
1 1/n
A, = [—2(2“) A j (6.11)

Exer cise. Please calculate viscosity profile across the 100000 m (100 km) thick mantle lithosphere
with temperature linearly increasing from 400°C at the top to 1200 °C in the bottom. Apply conditions
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of constant strain rate (é”z)l/2 =10"s™. Takethefollowing mantle rheological parameters:

Ap=2.5x10"" 1/(Pa's), n=3.5, E;=532000 J/mol, R=8.313 J/moal, V:=0. Take into account that all
parameters are based on axial compression experiments.

One of important consequences of non-Newtonian rheology of the fluid is that Poisson
equation isnot valid anymore for the uniaxial (e.g., purely vertical) flow of anon-Newtonian fluidin a
channel and complete Stokes equation has to be used in this case. Let’s analyze such non-Newtonian
channel flow.

NS

4
Lx
oV ov. .
In case of planar channel v,=0, w=0, a—z =0, 5 z =0 and Stokes equation reduce to
z y
do, OJP
e 2T 6.12
o oy PO (6.12)

Assuming nonlinear relationship between stress and strain ratein form &, = A(O'XZ)n Stokes equation
can be solved as follows

a) Integrating Stokes equation for stress

o, = @—P—pgzj x+C,, where C; is an integration constant
Z

b) Representing stress as afunction of strain rate

¢) Modifying integrated Stokes equation using above equation for stress and relation £, = 1ov,

2 ox
1/n
£ oP
%) =[5

oP "
S\ +C
€q Kaz pgzjx 1}
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ov. oP "
—Z_2A|| ——
aX |:( 82 pgzj X+ Cli|

d) Integrating obtained equation for vertical velocity

aP n+l
- C
|:( aZ pgzjx-i_ l:|

oP
(n+n[az—ng

where C; and C, are integration constants which can be defined from boundary conditions

Vv, (X)=2A +C,

For example let’ s assume the following boundary conditions:
VAX) = Vo wWhenx =0
and
0,, =0 when x=L/2 (L isthe channel width).
The later condition is equivalent to the condition of symmetric velocity profile
Vo(X) = V0 =V Whenx =L
Then our integration constants become as follows
oP L
C=—|—- —,
1 (az pgzj 2
[C,

oP
<n+n[az—ng

Please, exercise to get above expressions for the integration constants from the specified boundary
conditions.

Reading: Turcotte & Schubert, 2002, p. 292-324, Ranalli (1995), chapter 4.4.

] n+l

C,=Vv,,—2A
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LECTURE 8.

Discretisation of continuity and Stokes equations on rectangular grid. Conservative and
non-conservative schemes of discretization of Stokes equation. Mechanical boundary conditions
and their numerical implementation. No dlip, free slip and combined boundary conditions.

Numerical solution of partial differential equations (PDE) requires definition of grid of nodal
points within the numerical model. The choice of the grid depends strongly on the type of equationsto
be solved. Discretization schemesfor these equations al so change with changing type of numerical grid.

What types of numerical grid exist in numerical geodynamic modeling?

1-D grid
—= = = = = 3

2-D grid

3-D grid

Fig. 8.1. Examples of 1-D, 2-D and 3-D numerical grids.

Depending of the dimension of the problem thisgrid can be one-, two- and three dimensional (1-D, 2-D,
3-D) (Fig.8.1).
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Rectangular grid

Triangular grid

Fig. 8.2. Examples of rectangular and triangular 2-D numerical grids.

Depending on geometry of basic elements the grid can be rectangular and triangular (Fig. 8.2).

Regular grid
—& L L = L .

Non-regular grid
- —1—8—8—8—5

Fig. 8.3. Examples of regular and non-regular 1-D numerical grids.

Depending on the distribution of nodal point the grid can be regular and non-regular (Fig. 8.3).

Non-staggered grid

—i = L i 5 -
v,P

Staggered grid
————6—=—0—=—9 0=

VP

Fig. 8.4. Examples of non-staggered and staggered 1-D numerical grids.

Depending on the character of nodal pointsthe grid can be non-staggered and staggered (hal f-staggered,
fully staggered) (Fig. 8.4).
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Non-staggered 2-D grid

J—»x

y

."G(:Vy:P! P,M

Fig. 8.5. Examples of non-staggered 2-D numerical grid.

Non-staggered grid isthe most simple one. All variables for such grid are defined for the same
nodes (Fig.8.4, 8.5). In case of using finite-differences (FD) with non-staggered grid all equations are
formulated in the same nodal points. Non-staggered grid is natural for solving Poisson equation, heat

conservation equation and advective transport equation.
Half-staggered 2-D grid

J—»x

y
basic nodes additional nodes
"V, Y, PN P

Fig. 8.6. Example of half-staggered 2-D numerical grid.

Half-staggered grid in two dimensions (Fig. 8.6) isacombination of abasic non-staggered grid
with an additional set of points defined for the centers of cells formed by the basic grid. Part of
variablesisthen defined in this additional nodes and not in the basic nodal points. Half-staggered grid
isnatural for solving the combination of Stokes (Poisson) and continuity equationsin case of constant
viscosity when unknown parameters are components of velocity (v, ;) defined in basic nodes and
pressure (P) defined in additional nodes (Fig. 8.6). Accordingly, Stokes (Poisson) equations are
formulated in basic nodes, though continuity equation is formulated in the additional nodes. Indeed,

half-staggered grid is less natura for mechanical and thermomechanical problems with variable
viscosity.

24



Fully staggered 2-D grid

mpn 3V, ey © P

Fig. 8.7. Example of fully staggered 2-D numerical grid.

Fully staggered grid is applied in two and three dimensions and consists of combination of
severa types of nodal points having different geometrical positions (Fig. 8.7). Different variables are
then defined in different nodal points. Different equations are also formulated in different nodal points.
Fully staggered grid seems to be the most natural choicein geomodeling for thermomechanical
numerical problems with variable viscosity when finite differences are used for solving continuity,
Stokes and temperature equations. Discretization of thermomechanical equations on the fully
staggered grid is very natural and gives most simple FD formulas. Also, an accuracy of a numerical
solution on fully staggered grid is notably (up to four-fold) higher then that on non-staggered grid.

Discretization of equations depends on the type of numerical grid. For example, following
discretization schemes can be used for 2-D incompressible continuity equation (dvi/dx + dv,/dy = 0) in

case of half-staggered (non-staggered) and fully staggered 2-D grid.

Fig. 8.8. Elementary cell of 2-D non-staggered grid used for discretization of the continuity equation.

Half-staggered (non-staggered) grid (Fig. 8.8):

Yo(Vya + Vyxa — V1 — Vi) AX + Yo(VWyp + Vs — V1 — Wa)/Ay = 0.
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Yin X
= I
v v
b, <0 ez y
<
Y2
ay, ey,

Fig. 8.9. Elementary cell of 2-D fully-staggered grid used for discretization of the continuity equation.

Fully-staggered grid (Fig. 8.9):
(M2 = V) AX + (W2 —W1)/Ay =0.

In both examples continuity equation is formulated for the center of the elementary cell of the grid.
However, in case of fully staggered grid resulting formulais more simple and involves | ess unknowns.

In order to discretize Stokes equation in case of variable viscosity conservative
finite-differences should be used. Such finite-differences provide conservation of stresses between
nodal points allowing correct numerical solution. Below examples of non-conservative and
conservative finite-differences for 1-D incompressible Stokes equation (0 oy /0x - dP/ox = 0, where

O = 210V, /0X) are compared for 1-D staggered grid (Fig. 8.10).

_.x
M1 Gfo n 2 Ui'xa n 3 G)'(xc n 4
Vx1 PA sz P B Vx3 P c Vx4

® /
A X4 AXxz AX3 =[|_

Fig. 8.10. Example of 1-D staggered grid used for discretization of Stokes equation with variable viscosity. 1, 2, 3, 4 - are
basic nodes of the grid where Stokes equations are formulated. A, B, C, - are additional (stress) nodes of the grid where
stresses are formulated.

Non-conservative FD:
node 2: {2n3] (Wxz — i)/ A2 — (Vo — Vi)/AXq] — (P — Pa)}/( Y2AX1+Y2AX;) = 0.
node 3: { 2n3[ (Via — Via)/AXz — (Vya — Vo) AX2] — (Pc — Pg)}/( YoAXo+Y2AX3) = O.
which implicitly mean that formul ations of deviatoric stress g’ for Stokes equationsin nodes2 and 3
are different:
node 2: Gu' = 212(Vxz — Vi) AXz

node 3: O = 21]3(Vx3 - sz)/AXZ.
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Thisimplies artificial stress”jumps’ between nodes in response of changing viscosity.
Conservative FD:
node 2: {[(n2+N3)(Vis — Ve)/ A% — (N1+12)(Vie — Vxa)/AXa] — (P — Pa)}/( Y2A%1+72A%;) = 0.
node 3: {[(Ma+M4)(Via — Via)/AXs — (M21M3)(Vis — Via)/AXg] — (Pc — Pe)}/( V2Axp+Y2AX3) = 0.
which means that formulations of deviatoric stress o’ for Stokes equationsin nodes 2 and 3 are the
same:
Oxd = 2(N2+N3)(Via — Vi) AXe.
Thus, conservative FD formulation is based on the following three formal rules:
(1) the Stokes equationisinitially discretized in term of stress components for basic nodes of the
grid (cf. nodes 2, 3, Fig. 8.10),
node 2: {(oxxg’ —Oxxa’) — (Ps — Pa)}/( Y2AX1+Y2AX;) = 0,
node 3: {(oxa” —Oxxa’ ) — (Pc — Pg)}/( Y2AX+Y2AX%3) = 0.
(2) these stress components are formulated for additional (stress) nodes of the grid (cf. nodes A,
B, C, Fig. 8.10)
node A: o’ = 2(N1tM2)(Vxe — Via)/AXa,
node B: oxe’ = 2(N2tN3)(Vxa — Vx2)/AXo.,
node C: oxc’ = 2(M3tN4)(Vxa — Vz)/AX3.
By averaging viscosity defined in the basic nodes (1, 2, 3, 4) we compute viscosity for the
additional nodes (A, B, C) where stress components are defined.
(3) identical formulations of stress components are used for the Stokes equation in different basic
nodes.
Applying theserulesin 2-D thefollowing conservative formulations can be derived for x- and y-Stokes

equations

x-Stokes
equation

AY,

AY,




Fig. 8.11. Example of 2-D staggered grid used for discretization of x-Stokes equation with variable viscosity. Crossed red

sguare corresponds to the node for which x-Stokes equation is formul ated.

x-Stokes equation (Fig. 8.11):

where

(Ox2" —Oxy1’ )IAY2 + [(Ox2’ — Ot ) — (P2 — P)1/( Y2AXq+Y2AX0) = -Y2(p1+p2)Ox,

Oxy1’ = Nal (V2 — W) [( Y2AX+Y2A%0) + (Vig — i) ( V2Ay1+72AY,)],
Ox2 = N[ (Vy4 - Vﬁ)/ (YeAX1+2A%0) + (Via — Via) ( Y2AY+2AY3)]

Oxad’ = YoM 112113+ 4) (Vg — Vi) AX,

Oxe = YoMat14t15+M6) (Vs — Via)/AXa,

AXq AXp * AX;
i
T'|1 Vy, T]4
@FE
T ] -
< Oy
\@1|qm zh I;ghz¥
P11, Pl M
R é
) b o
g
u pan !ny . vx ¢ Vy

y-Stokes
equation

l—-x

y

®Pgc,, 0,

Fig. 8.12. Example of 2-D staggered grid used for discretization of y-Stokes equation with variable viscosity. Crossed green

circle corresponds to the node for which y-Stokes equation is formul ated.

y-Stokes equation (Fig. 8.12):

where

(Oxy2' —Oxy1' )IAX2 + [(Oyy2" — Oyya') — (P2 — P)]/( YAy +Y2AY0) = -Ya(p1+p2) 0y,

ny11 = nz[ (VX2 - VX1)/ ( Vﬂyl‘l‘l/ZAyz) + (Vﬁ — Vy1)/ ( 1/2AX1+1/2AX2)] ,
Oxy2 = N[ (Vs — Via)/ ( VoAY1+Y2AYo) + (Vys — Wya)l ( YoAX+72AX3)]

Oyy1’ = YaM1M2t141M5)(Wa — Wo)/Ayy,

Oy = 72(N2+N3+N5+tM6)(Vya — Vy3)/AYy,
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In al above examples stress components are formulated via components of strain rate tensor

and viscosity according to the general formulac;;’ = 2n ¢ g” , where &;'= ¢;-6; %gkk

ov,
& = (aav + a—‘j and ¢, = £,+¢, +&, = div(V) =0 according to the incompressibility condition.
] [

Aswe have aready seen before, in order to obtain numerical solution boundary conditions have
to be defined for the model. Mechanical boundary conditions depend on the type of numerical problem
solved. The following boundary conditions are often used in geomodeling:

(D) nodip,

(2) freedlip,

(3) free surface,

(4) fast erosion and

(5) combined boundary conditions.

No dip condition require all velocity components on the boundary to be zero
V=V =V, =0.

Free dlip condition require normal velocity component on the boundary to be zero and two other
components not to change across the boundary. For example for the boundary orthogonal to the x axis
free dip condition is formulated as follows

Vi =0,

0Vy/0X = dv/ox = 0.

Free surface condition require shear stress along the surface to be zero

o' =0
wherei-axisisnormal to the surface and j # i. This condition alows the surface to be deformed.
Fast erosion condition require all vel ocity components not to change across the boundary. For example

for the boundary orthogonal to the x axis fast erosion condition is formulated as follows
0Vy/OX = dVy/oX = dv/ox = O.

Numerical implementation of all these boundary conditions depends on the type of the grid.

Numerical examples of different boundary conditions are shown below.

non- staggered grid

‘ X1’ }’1 ‘ X 27 y2

Fig. 8.13. Example of 2-D non-staggered grid used for the formulation of non-slip and free dlip boundary conditions.

boundary

Non-staggered grid (Fig. 8.13):
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no slip - Vi = 0, vz =0.
freeslip-via =0, Vi1 = o

AX1 A X2 staggered grid

"4 V‘.‘,2 I—'x
B

4
Ve + 2 + y

Fig. 8.14. Example of 2-D staggered grid used for the formulation of non-slip and free dlip boundary conditions.

<
= boundary

Staggered grid (Fig. 8.14):
NO Slip - Via = 0, W1 = W[ YoAX/ (AX1+2AX%0)],

freeslip - via = 0, W1 = wp.
Conditions for the vertical velocity mean that vertical velocity on the boundary vy, (Fig. 8.14) is
extrapolated from vertical velocitiesin two internal nodes according to the formula
Vb = V1 + (W1 - W) [Y2AX/ (Y2AX +2A%))] .

30



LECTURE 9.

Heat conduction law. Heat conservation equation and its geodynamic applications. Radioactive,
viscous and adiabatic heating and their significance.

After been introduced into mechanical part of numerica geodynamic modeling whichis
traditionally considered as the most difficult one we now start with thermal modeling. Thermal
modeling simulate transport of heat in continuum. Heat transport processes play crucial rolein
geodynamics and are often inherently coupled to deformation, as for example in case of mantle
convection, granitic cupola growth, subduction process, slab breakoff etc. From numerical point of
view, hesat transport processes are more simple to model. There are, however some numerical
difficulties which make subject indeed non-trivial.

Let’sfirst (as usualy) study equations which are relevant for heat transport processes. Most basic

oneis Fourier’slaw of heat conduction which relate heat flux (g) with temperature gradient 88_T
X

q=—k2 01)
oX
where k (W m/K) isthe thermal conductivity of amaterial. Thermal conductivity may depend on P, T
composition and structure of the material. Heat flux g is an amount of heat passing through the unit
surfacein unit time. Asweall know, heat isaways transferred from hot body to the colder one. Thisis
reflected by minusin the right part of Equation (9.1) implying that heat flux is positive in direction of

decreasing temperature, i.e. in case when temperature gradient aa—T is negative. In three dimensions
X
heat flux is avector which can be decomposed to three components

g=(0 Oy, dz)

In this case the Fourier’ s law relates heat fluxes in different directions with respective temperature
gradients
aT

g = -k g (9-2)

or

JT T JT
g, =K

:_k_1 = ' Mz N
ST BTy BT,

wherei is coordinate (X, Y, 2).

In order to predict changesin temperature due to the heat transport heat conservation equation also
called temperature equation has to be solved. This equation describes bal ance of heat in continuum
and relates temperature changes with internal heat generation as well as advective and conductive heat
transport. Lagrangian temperature equation has the following form

DT oq

pCpE:_a_ii+ Hr + Hs+ Ha (9.3)

or writing in complete 3-D form

DT  dq, 949, dq,

Dt ox a9y oz

pCp + Hr + Hs+ Ha,

or using relation (9.2)
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Cpﬂ=i ka—T +i ka—T +i(ka—Tj+Hr+Hs+Ha
Dt ox\ dy ) oyl dy ) o0z\ oz

whereindex i , thus, means summation of derivatives of heat flux components by respective
coordinates (X, y, 2); p is density (kg/m?); Cp isisobaric heat capacity (Jkg/K); Hr, Hs and Ha are
respectively radioactive, shear and adiabatic heat productions (W/m®). % is substantive time
derivative of temperature corresponding to the standard Lagrangian-Eulerian relation that we have
already discussed in Lectures3and 5

DT

E:aa—I+\7><grad(I').

For example, in 3-D
DT dT aT aoT aoT
— =tV —+V, —+V,—.
Dt ot ox oy 0z
Accordingly, in Eulearian form temperature equation can be written as follows

pCp(aa—IH‘/x grad(T)j:—aa—q+ Hr + Hs+ Ha (9.9

i
[
or writing in complete 3-D form

d
PCp a—T+vXa—T+vya—T+vza—T =—%—&—%+Hr+Hs+Ha
ot oX ay 0z ox dy 0z

or using relation (9.2)

pCp a—T+vXa—T+v a—T+vza—T :i ka—T +i ka—T +i(ka—Tj+Hr+Hs+Ha
ot ox Yoy 0z ) ox\ oy ) oyl oy ) oz\ oz

There are severd type of heat generation/consumption processes that are taken into account in the
temperature equation. Radioactive heat production (Hr) is due to the decay of radioactive elements
alway's present in rocks. It strongly depends on the type of rocks and typical values are: 2x10° W/m?
for granites, 2.5x107 W/m? for basalts and 2x10® W/m?® for mantle rocks. Shear heat production (Hs)
isrelated to the dissipation of mechanical energy during irreversible (e.g., viscous) deformation and
can be calculated via deviatoric stresses and strain rates as follows

Hs= Gij’ éij ' (9.5)
wherei and j are coordinates (X, y, z) and ij denotes summeation. In case of 3-D viscous deformation
HS= 0y "€xx +Oyy '€y + 07 €7 '+ Z(GXy'éXy '+ 0y '€yz '+csyz'éyz')

Adiabatic heat production/consuming (adiabatic heating/cooling) is related to changes in pressure and
can be calculated via pressure changes as follows

Ha:TaE, (9.6)
Dt

where % is substantive time derivative of pressure. In contrast to shear and radioactive heating

adiabatic effects can be either positive or negative. As it iswell known from thermodynamics
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temperature of a substance under conditions of no thermal exchange increases with increasing pressure
and decreases with decreasing pressure thus directly reflecting sign of % Effects of adiabatic

heating can be very significant in case of strong changes in pressure which has strong implication for
the mantle convection process.

In complete form temperature equation looks quite complicated, but at |east it does not "hide” three
equationsin one in contrast to the momentum equation... In case of constant thermal conductivity
k=const temperature equation smplify to

2 2 2
pCpE:kaI+kaz+kaI+Hr+Hs+Ha (9.7)
Dt oX ay 0z

or
pCp% =KAT + Hr + Hs+ Ha
L . — - . .
where A = pva + a_yz + P is Laplace operator, which is common abbreviation used in continuum
mechanics.

When interna heat production is negligible and thereis no advection of materia (purely
conductive hesat transport) temperature equation take the form similar to Poisson equation

CAREpRY
ot

where k = k/(oCp) isthermal diffusivity (m2/sec).
When temperature does not change with time then heat conservation is described by the steady

temperature equation. Steady Eulerian temperature equation aa—I =0 corresponds to the case when

temperature remains constant in immobile Eulerian observation points while temperature in

Lagrangian points can change. In this case temperature equation is as follows.

PCp(Vx grad(T)):—aa—q+ Hr + Hs+ Ha. 9.8)

[
Thisform of equation is often used for computing of equilibrium temperature profiles across

deforming medium, for examplein case of steady magma flow in a channel. Steady Lagrangian
temperature equation % =0 corresponds to the case when temperature does not change in

Lagrangian points but can vary in Eulerian observation points according to the purely advective heat
transport

%=%—I+\7xgrad(T)=0. 9.9)

or

aT
—=-Vxgrad
o = VX orad(m)

In this case temperature equation is as follows
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_%

+Hr+Hs+Ha=0

Steady Eulerian-Lagrangian temperature equation (aa—-[ =0 and % =0) holdsfor the case when no

displacement of medium occur and therefore Hs=0 and Ha=0. This equation has most simple form

_%+ Hr =0 (9.10)

and is often used for the calculation of steady geotherms characterising changes of temperature with
depth in the layered sequence of rocks with variable radioactive heat production.

Exercise. Please, integrate Equation (9.10) to calculate steady temperature profile across the
continental crust with radioactive heat production Hr=1x10° W/m?®, if temperature at the surfaceis 300
K and temperature in the bottom of the crust is 700 K. Take thermal conductivity of the crust to be 2
W/(m K).

Non steady temperature profiles can be calculated in 1-D case using Fourier series expansion. For
example ca culations can be done for the flow of viscous fluid with constant viscosity 77in avertica
channel. Boundary conditions are taken as follows: given vertical pressure gradient, 0P/dz, along the
channel, non-dlip conditions and T=const and dT/dz=const at thewalls. Theinitial conditionsare T=T,
and dT/ox=0.

Vzo
F

<

L

Figure. 9.1. Planar flow of viscous fluid in the channel.

The horizontal steady-state profile for vertical velocities, v;, is defined by the equation (see Lecture 6)
V, = 4v,2(Lx - X3)/L?,
Vo = -L2(0P/92)/(87),

where L isthe width of the channel; 7 isthe viscosity of the channel; v iSthe vertical velocity in the

centre of the channel.



Genera form of non-steady 1-D solution is given in textbooks.
The corresponding temperature changes in the channel as afunction of time are given by the

following series expansion
AT(X, ) = Y FrEm sin[(2m-1)x/L],
el

where

Fn = -84 2(2m-1)]3,

Em = L[ (2 114 1-exp(-[ m(2m-1)/L] 2 ct)}  k;
k= ki(pCp),
E= Iug/LX(0T,/02),
where AT(x, t) is the temperature in the channel as afunction of the spatial coordinates and time; xisa
constant thermal diffusivity in m?s™. When calculating analytical solution an infinite summation of
series expansion can be cut after m=20 due to negligible contribution of members of higher order.
Above equation does not account for shear and adiabatic heating. This equation can be used for

benchmarking of non steady numerical solution for the heat transport.

tito = 0.70
1
0.8 -
0.6
2 .
b~ J
<]
0.4 1
'—Anal'rtycal
0.2 ® Numerical, d=0
O Numerical, d=1
0 4 T T T

0 0.2 0.4 0.6 0.8 1
x/L

The non-steady temperature changes within the Newtonian channel flow. to = L%k is characteristic
thermal diffusion timescale, AT, = 5v,4(dT,/02) pCpL2/(48K) is maximal temperature changein the
center of the channel corresponding to the final steady temperature profile given by Eq. 9.8.
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Another important aspect that can be analysed analytically concerns time scale of heat conduction
process. Heat generated within any region is spread by conduction with a characteristic time scale (to)

that depends on the width L of the region

Therefore, the duration of heat dissipation via conduction grows as the square of the width (L) of the
region. For instance, though the shear heat produced within a 100 meter wide shear zone dissipatesin
only ~1000 yr, the heat generated within a 1 km wide shear zone requires about 100,000 yr for the

similar degree of conductive cooling.
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Characteristic length, km

2
Timescales for different thermal regimes cal culated according to equation tg = —— with k= 10° m’s™.
K

Shaded areas show lengths and timescal es characteristic of collisional orogens.

Reading: Turcotte & Schubert, 2002, p. 132-171.
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LECTURE 10.

Discretization of heat conservation equation using finite differences. Conservative and
non-conservative schemes of discretization. Explicit and implicit schemes of numerical solving of
heat conservation equation. Advective terms: upwind differences, numerical diffusion, Lagrangian
methods. Thermal boundary conditions: constant temperature, constant heat flow, combined
conditions. Numerical implementation of thermal boundary conditions.

We now start with numerical representation and solving of the temperature equation.
Discretization of temperature equation with finite differences can be explicit and implicit. In order to
understand the difference let us consider an example. Most simple discretization can be done for the
temperature equation describing heat diffusion in a non-deforming medium with constant thermal
conductivity (k), density (o), heat capacity (Cp) and thus constant thermal diffusivity k = k/(oCp) :

aT Kk

- = 10.2).
ot  pCp (10D

In 2-D case this discretization is as follow

Explicit 5-point cross

Figure. 10.1. Example of 2-D numerical grid for explicit discretization of the temperature
equation with constant thermal diffusivity.

Explicit FD (Fig. 10.1):

T k (T-2L0+T) T -210+T)
At pCp AX Ay? '
Thisformiscalled explicit because new temperature (T") for the next time instant t,, can be explicitly

cal culated from the temperatures (T°) known for the current timeinstant t, (t, = t, + At, where At istime
step):

T o KAt Tl°—2T3°+T5°+T2°—2T3°+T4° LT
° pCp AX? Ay? :
Explicit formulation has strong limitation for the time step At < Ax%/(3k). Larger time steps produce

oscillations of numerical solution growing with time (Fig. 10.2). One can a so see examples of these
oscillations by using exercise MatLab program called explicit.m for this lecture.
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Figure. 10.2. Oscillations of explicit numerical solution of equation (10.1) due to the large time step.

Implicit 5-point cross

Figure. 10.3. Example of 2-D numerical grid for explicit discretization of the temperature equation with constant thermal
diffusivity.

Implicit FD (Fig. 10.3):

T -TY k(T2 +T) . T, 2T+ T,
At pCp AX? Ay? '

Thisform is called implicit because new temperature (T") for the next time instant t, can not be
explicitly calculated from the temperatures (T°) known for the current time instant. In order to obtain
new temperatures the system of equations written for al points of the model have to be solved:

T k(T -2+ +T2” 24T TP
At pCp AX Ay? At

It isimportant to mention that the implicit formulation has no limitation for the time step.
In case of discretization of heat conservation equation for numerica problems with variable
thermal conductivity (k) conservative finite-differences should be used. Such finite-differences

provide conservation of heat fluxes between nodal points allowing correct numerical solution. In a
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general senseg, thisis analogous to the formulation of conservative finite differences for Stokes

equation with variable viscosity which we studied in Lecture 4. Below examples of non-conservative

aq,

, Where
oX

and conservative finite-differences for 1-D heat conservation equation pCp% =—

g, = —kg—T are compared (Fig. 10.4).
X

—X
k1 k2 ks K,
T1 qu Tz qu T3 qxc T4
| A X | Axza | AX; I

Figure. 10.4. Example of 1-D staggered grid used for discretization of temperature equation with variable thermal
conductivity. 1, 2, 3, 4 - are basic nodes of the grid where Stokes equations are formulated. A, B, C, - are additional (heat
flux) nodes of the grid where stresses are formulated.

Non-conservative FD:

T3_T2_T2_T1
DT Jq Jq AX, AX,
de2: | pCp— | =—| == h = =—k, —2—1
e (p thl (axlw ere(axl 2 (A + A%,)
2
T4_T3_T3_T2
DT aq aq AX, AX
de3: | pCp— | =—| = h X | =—k,—38 T2
o (p "ot j (axlwere(axl < ax+A%)
2

which implicitly mean that formulations of horizontal heat flux gyg for temperature equationsin nodes
2 and 3 are different:

node 2: gyg = -Ko(T3 — T2)/AX,

node 3: gxg = -K3(T3 — T2)/AXo.
Thisimpliesartificial heat flux ”jumps’ between basic nodes in response of changing thermal
conductivity

Conservative FD (write complete temperature equations ?7?77?)

DT oq
Cp—=——%
PP Dt oX
DT oq
de2: | pCp— | =—| == |,
o2 penr) {5,
(k+ k)M —T,) (K +1)(T,—T,)
Where(a_qj _ %= (B_QJ __ 2 28%
OX ), (AX,+Ax)/2 X J, (A% +Ax,)
2
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node 3: (pCpﬂj =—(a&j ,
3 3

Dt ox
(ks +k,)(T, = T5) _ (k, +k)(T,-T,)
where (a—qj = M or (a_qj —_ 2AX3 2AX2
0X /), (A% +Ax)/2 X /s (A%, +A%,)
2

which means that formulations of heat flux gyg for temperature equations in nodes 2 and 3 are the
same:

ke = (K2+k3)(Tz — To)/Axe.
Effective thermal conductivity for node B is, thus, calculated as an arithmetic mean of conductivities
for nodes 1 and 2. Another possibility is to use a harmonic mean

Oxg = 2Koka/ (ko+ks)(Ts — T2)/AXe.

Thisformulafollows from the condition of equal heat fluxes to the left and to the right of the node B
under assumption that heat conductivities between nodes 2 and B and B and 3 remain constant and are

equal to ky and ks, respectively. Then the following formulas can be written

Oxe = Ka(Te — T2)/2AX%; (10.2)
Oxe = K3(T3 — Ts)/2AX%; (10.3)
Oxs = ka(Tzs —T2)/Ax; (10.4)

where kg = 2koka/(Kot+ks) and Tg = (Tokz + Tsks)/(ko+ks) are effective thermal conductivity and
temperature for the node B, respectively.
Exercise. Please derive formulas for kg and Tg by using conditions (10.2)-(10.4).
To summarize, conservative FD formulation is based on the following three formal rules which
are analogous to the rules discussed in Lecture 8 for the Stokes equation with variable viscosity.
(1) the temperature equation isinitially discretized in term of heat fluxes for basic nodes of the
grid (cf. nodes 2, 3, Fig. 10.4),
node 2: [ pCp(DT/Dt)]2 = -(axs — Oxa) ( Y2AX1+Y2AXy),
node 3: [pCp(DT/Dt)] 3 = -(txc — Ohe)( Y2AXo+72AXs).
(2) these heat fluxes are formul ated for additional (heat flux) nodes of the grid (cf. nodes A, B, C,
Fig. 10.4)
node A: ga = (K1t kK 2)(T2 — T1)/2AXq,
node B: g = (K 2t k 3)(T3 — T2)/2AXs.,
node C: gxc = (K 3+ K 4)(T4 — T3)/2AX3.
By averaging thermal conductivity defined in the basic nodes (1, 2, 3, 4) we compute
conductivity for the additional nodes (A, B, C) where heat fluxes are defined.
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(3) identical formulations of heat fluxes are used for the temperature equation in different basic
nodes.
It isimportant to mention that conservative finite differences are formulated in term of heat
conductivity (k) and not in term of thermal diffusivity x = k/(oCp), otherwise one can obtain artificial
variationsin heat fluxes due to variationsin density (p ) and heat capacity (Cp). Both density and heat
capacity should be placed in the | eft part of the temperature equation and taken from the basic node

where this equation is formulated.

Applying these rulesin 2-D the following conservative formulations can be derived for the
temperature equation (Fig. 10.5)

>
<

X
T QT 90 [T |

Ki = koCps ks y
2 Yy,

Figure. 10.5. Example of 2-D grid used for discretization of the temperature equation with variable thermal conductivity.
Crossed red rectangle corresponds to the node for which the temperature equation is formulated.

(Ej: 1 (_ Ox> — Oy _ qy2_qy1 j
ot ) pCp | (A +AX)/2 (Ay,+Ay,)/2)

where
—_ (k1 + ka) (T3 _Tl)
. 2 2AX
o —_(kth) (=T
X2 2 Ax,
- _ (kz + ka) (r3 _Tz)
v 2 27y,
_ (ka + k4) (T4 _T3)
2 2 Ay,

Obvioudly, conservative formulation can either be explicit or implicit.

If advective term is present in the Eulerian temperature equation it should aso be included in
FD formulation
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Inthis case explicit FD involving temperature and vel ocity from the current time instant are most often
used. Common approach isto use asymmetric "upwind” differences, i.e. take FD against the direction
of materia flow vector:

Explicit 5-point cross

& AX Ax*_
T,

P VTS .Tso | X
Vy

y
v

pCp(aa—Iﬂ_/x grad(T)) = _%a

4aY, 2y

Figure. 10.6. Example of 2-D grid used for discretization of the advective term for the Eulerian temperature equation.

_ aT aT
V3><gl’ad(|')3 =VX3 (&) +Vy3 (a—yj
3 3

Explicit upwind differences are then as follows

aT’® oT°
v,xgrad(T),; =V°, ( J +V° [ ]
3 3 3 ax . y3 ay .

o) - when \°,s>0 and o) T Ts when \°,3<0
. AX oXx . AX

(aaTy" l = T30A_yT20 when V%3>0 and (a;xo l = T40A_yT3O when v°,5<0.

Independent on either explicit or implicit formulation, advective terms with variable velocity
always introduce (non physical) numerical diffusion of temperature on the Eulerian grid. This problem
isnot relevant for slow flows because real diffusion is much faster then the numerical diffusion.
Numerical diffusion becomes relevant for models with rapid advection (e.g. for models of subduction
process). This problem can be minimized: (i) by using more complicated Eulerian advection FD
schemes, (i) by advecting temperature with Lagrangian points (method of characteristics, method of
markers).

In order to solve temperature equation numerically thermal boundary conditions have to be
specified. These conditions depend on the type of numerical problem solved. The following boundary

conditions are often used in geomodeling:
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constant temperature,
no heat flux,
constant heat flux and

combined boundary conditions.
Numerical examples of different boundary conditions are shown below (Fig. 10.7).

Figure. 10.7. Example of 2-D grid used for discretization of thermal boundary conditions.

constant temperature: T; = const, or in standard linear form 1x T, = const

no heat flux: Ty = T, or in standard linear form 1xT1 + (-1)xT, =0
constant heat flux: gxa = -Y2(ky+ka)x(T2 - T1)/AX = const, or [Ya(Ky+ko)/ AX]XT1 + [-Y2(ki+ko)/AX] X T, =

const.
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LECTURE 11

Advection egquation. Methods of solving for continuous and discontinuousvariables. Marker-in-cell
method for solving advection equation. Runge-Kutta advection chemes. Numerical interpolation
schemes between markers and nodes.

Advection equation is used to change distribution of physical properties of deforming continuum
with time. For ascalar value (A) in Eulerian point this equation can be written as follows

oA (E)A] oA (BAJ
— =V | — |-V, | — |-Vv,| — |.
ot “\ox) Ylay) *\oz

For Lagrangian point the following advection equation relates changesin its coordinates (X, y, z) with
material velocities (Vy, Wy, V7).
oX
- = Vx
ot
ady
—~ =V
ot 7
0z
—_—= VZ
ot
Advection equations look trivial but it is an apparent smplicity. Their numerical solving often

causes problems. One of the problemsis numerical diffusion of sharp gradients during advection. The
following figure demonstrate how sharp density step is smoothes out (diffuses) during numerical

solving of 1D advection equation.
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The equation is solved on theregular Eulerian 1D grid with constant distance between nodes (Ax=1)
for the case of constant material velocity (vx=1) and constant time step (At = 0.5 = %2Ax/vy) by applying
upwind differences

—
P,(t+At)
Pia(t) P(t)
_. !—
i-1 Ax i

p(t+at) = p, 1) —v,at 2O =Pa®)
Ax

Therate of numerical diffusion depends on the amount of numerical steps and not on the length of
numerical steps. Therefore smaller timestep gives more diffusion. On the other hand for the stability of
numerical solution time step should be sufficiently small to make sure that condition

WAL < AX
is satisfied in every Eulerian point (otherwise solution starts to oscillate).

In geomodeling an advection of non-diffusive properties (e.g., density) with discontinuous (e.g.,
step-like) distribution these propertiesis often needed. One of the most popular methodsin thiscaseis
the using of Lagrangian points: method of markers (tracers, characteristics) for advection of physical
properties. These properties are initialy distributed on large amount of Lagrangian point which are
passively moved according to a computed velocity field. Material properties on the Eulerian grid are
then interpolated from the displaced Lagrangian points. Thisis so called marker-in-cell technique.

To move aLagrangian point (A) different advection schemes can be used. Most ssimpleisthe first
order of accuracy advection scheme

Xa(t+At) = X, (1) + v, (1) At

YA(t +At) = Ya )+ Via (HAt

Z,(t+At) =z, (t) + Vv, ()AL
where xa(t), ya(t) and za(t) are coordinates of Lagrangian point A at the current moment of time (t);
Xa(t+ At), ya(t+ At) and za(t+ At) are coordinates of the same point at the next moment of time (t+ At);
via(t), wa(t) and vaa(t) are components of material velocity vector in the point A at the current moment
of time. In case of variable velocity field the velocity of Lagrangian point A can change during the

displacement and first order of accuracy scheme will not be very accurate. This problem can be
resolved either by using smaller time step (At), or by using higher order of accuracy advection schemes.

One of the most popular in geomodeling isforth order of accuracy Runge-Kutta advection scheme.
Xu (t+At) = X, (t) + Vv, (eff )At
Yalt+At) =y, (t) +v,, (eff )At
z,(t+At) =z, (t) +v,, (eff )At

where vya(€eff), wa(eff) and va(eff) are components of effective material velocity vector for the point A
for the period between current (t) and next (t+ At) moments of time. Components of the effective
material velocity are computed by using material velocity in four different points (A, B, C and D)

Vea(EF) = [Voa(t) + 2Wia(t) + 2vic(t) + Vio(1)]/6
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Vya(ff) = [Vaa(t) + 2%s(t) + 2%c(t) + Vo(1)]/6
Vaa(Eff) = [Vaa(t) + 2vza(t) + 2vic(t) + Van(1)]/6
where coordinates of points B, C and D are computed as follows

O =X,0+ 2 VAOAL Y0 =Ya0+VuOM, 70 =20+ v, 0AL,
R O=XO+VaOM, Ve =Ya0+ Ve A, 20 =2, +3va (04,

1

Xp = XA(t) TVic (t)At, Yo t)= Ya )+ Vic (t)At, %, ®= Zy )+ Evzc (DAL.
This advection schemeis extremely precise in space (fourth order of accuracy) but less precisein time

(first order of accuracy) because velocity field used is for the current moment of time only.
To interpolate physical properties (e.g., density, viscosity, heat capacity) from Lagrangian markers

to Eulerian nodes various interpolation scheme can be used
i-1 / i+1
T o !
AX

mih-marker

] ]
0 5 [ d
8 y‘th- ode

O O¥ Hael

J—n {1 |:| N
0o gl|lo al
]—i-l—I o o =

The following standard first order of accuracy scheme is often used to calculate an interpolated
vaue of aparameter By ;) for ij"-node using values (B ascribed to all markers found in the four

surrounding cells
Bii) = D BrWarijy / 2, Wi
m m

Wingijy = [ 1-aXenl aXi-9] X[ 1- 2ol 42 1)]
where Wiy j) represents a statistical weight of mth-marker at the ij”‘-node; Xl AXi) AN 4Zif 4Z;j1) ETE
normalized distances from m™-marker to ij"-node. The use of a higher-order accurate interpolation
schemes produces undesirable numerical fluctuations in scalar, vector and tensor properties
interpolated in the proximity of sharp transitions which are often present in geodynamic models.
Very often theinverse problem of interpolation of physical parameters (e.g., velocity, pressure) from

Eulerian nodesto Lagrangian markers and other geometrical points has to be solved. One of the most
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simple methodsisto use values of aphysical parameter B defined in four Eulerian nodes surrounding a
given Lagrangian marker (or other given geometrical point). An effective value of the parameter B for

m"™-marker can then be calculated with the first order interpolation scheme as follows

i-1 I
/ ._1_*B B ’
101 i1
A m-marker A
Bm Ay :.i
&
. B 3 B...
J—m (i-1j) (w).
Axi—lz
X

B = [1—AXm/ AXi _1/2)] ><[ 1-4z,/ AZ; _1/2)] XB(i Nt [AXm/ AXi _1/2)] ><[ 1-4z,/ AZ; _1/2)] XB(i 1)t
(Lo X)X [ aZind 42-9] ¥ B 1) + [ el aXi-3)] X[ 4Zef 424519 XByi-1,j-0),
where By, denote the value of parameter B for m"™-marker.
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LECTURE 12
Thermomechanical code algorithm.

From a genera geophysical standpoint, one should consider at least three important requirements
for anumerical geodynamic modelling code:

(1.) the ability to conserve stresses under conditions involving sharply discontinuous viscosity
distribution;

(2.) the ability to conserve heat and chemical fluxesin the face of sharply varying conductivity,
transport coefficient and temperature gradients;

(3.) the ability to conserve scalar quantities with multiscal e properties, such as temperature field,
chemical species, and density in flows with a strongly advection character (e.g. subduction).

In order to achieve these goals, one can use a conservative finite-difference (FD) scheme over an
irregul arly-spaced staggered grid. Theirregularly spaced grid is extremely useful in handling
geodynamical situations with multiple-scale character, such asin a subducting slab and the wedge flow
aboveit. This Eulerian FD method is then combined with the moving marker technique. In the Figure
below a schematic flow-chart is shown for updating at each timestep the evolutionary equations:
continuity eguation, Stokes equation and temperature equation. The steps are as follows:

(2) Solving continuity and Stokes equationsin 2-D by directly inverting the global matrix.

(2) Calculating the nonlinear shear- and adiabatic heating terms Hg jy and Hy j) at the Eulerian
nodes.

(3) Calculating (D T/D t); ;) values at the Eulerian nodes by an explicit scheme.

(4) Defining an optimal time step 4t for temperature equation. One can use a minimum time
step value satisfying the following conditions: given absolute time step limit on the order of a
minimal characteristic timescale for the modelled processes; given relative marker displacement
step limit (typically 0.1-0.2 of minimal grid step) corresponding to calculated velocity field (see
Step 1); given absolute nodal temperature change limit (typically 1-20 K) corresponding to
caculated explicit (D T/D t) ) values (see Step 3).

(5) Solving the nonlinear temperature equation implicitly by adirect Gaussian inversion
method.

(6) Interpolating cal culated nodal temperature changes (see Step 6 at Figure) from the Eulerian
nodes to the markers and cal cul ating new marker temperatures (‘Ty,).

(7) Using afourth-order in space/first-order in time explicit Runge-K utta scheme for advecting
all markers throughout the mesh according to the globally calculated velocity field v (see Step 1).

(8) Calculating globally the scalar physical properties (Nm, pm, Cm, Cpm, Km, C, €tc.) from the

markers.
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(9) Interpolating temperature and other scalar properties, such as C, Cp, from the markers to

Eulerian nodes. Returning to Step 1 at the next timestep.

1| Solving of continuity and
momentum equation
by direct method

Return to Step 1

v

2 Calculation of
shear and adiabatic
heating

v

3 Calculation of
oT /ot
by explicit method

v

4 Criterion for
time stepping Ar
for temperature equation

v

5 Implicit solving of
temperature equation
by direct method

(next time slice)

v

new T

markers
nodes X

9 Interpolation of
scalar properties
(including temperature)
from markers
to Eulerian grid

A

S Calculation of
scalar properties
for markers
(viscosity, density,
conductivity, etc.)

A

7 Advection of
markers by velocity field
calculated at Step 1

f

Interpolating of
temperature changes from
Eulerian grid to markers

Figure. Flow chart represents structure of one of the numerical thermomechanical geodynamic code (12VIS, Gerya &

Y uen, 2003) involving finite-differences and marker-in-cell technique for solving momentum, continuity and temperature

equation. Advective term in temperature equation in this code is solved by using marker-in-cell method to avoid numerical

diffusion (Step 6 and 9). In case of slow advection upwind differences can be used in Step 5 and Step 6 can be omitted.
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